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Let 𝑋 be a topological space and 𝒜 = 𝐺𝑖 𝑖∈𝐼 be 
a family of subsets of 𝑋, then 
 𝐺𝑖 𝑖∈𝐼 is said to be a cover of 𝑋, if ∪𝑖∈𝐼 𝐺𝑖 = 𝑋. 

 a sub-family 𝐺𝑗 𝑗∈𝐽⊆𝐼
 of cover  𝒜 = 𝐺𝑖 𝑖∈𝐼 is 

said to be a subcover if ∪𝑗∈𝐽 𝐺𝑗 = 𝑋. 
 

Note: If all the members of a cover are open 
subsets of 𝑋, then it is said to be an open cover 
of 𝑋. 
 

A topological space 𝑋 is said to be compact if 
every open cover of 𝑋 has a finite subcover. 
 

Example: Every finite topological space is 
compact. 
 
 



Result: ℝ (with usual topology) is not compact. 

Solution: The open cover 𝑎, 𝑏  𝑎, 𝑏 ∈  ℚ+ of ℝ has no finite 
subcover. 
 

A family ℱ = 𝐹𝑖 𝑖∈𝐼 of subsets of a set 𝑋 is said to has a finite 

intersection property (f.i.p., in short) if ℱ ≠ ∅ and 𝐹𝑖1 ∩ 𝐹𝑖2 ∩

⋯∩ 𝐹𝑖𝑟 ≠ ∅ for every finite subset *𝐹𝑖1 , 𝐹𝑖2 , … , 𝐹𝑖𝑟+ of ℱ. 
 

Theorem 1: A topological space 𝑋 is compact if and only if 
every family of closed subsets of 𝑋 which has the f.i.p. has 
non-empty intersection. 

Proof: (Outlines only) 

Let ℱ be a family of closed subsets of 𝑋 having f.i.p. Suppose 
that ∩𝐹∈ℱ 𝐹 = ∅ , then ∪𝐹∈ℱ (𝑋 − 𝐹) = 𝑋 , i.e., 𝑋 − 𝐹  𝐹 ∈ ℱ+ 
becomes an open cover of 𝑋. As 𝑋 is compact, so, there are 
finitely many 𝐹1, … , 𝐹𝑘 ∈ ℱ such that 𝑋 − 𝐹1 ∪⋯∪ 𝑋 − 𝐹𝑘 = 𝑋. 
But then 𝐹1 ∩⋯∩ 𝐹𝑘 ≠ ∅, which is not possible as ℱ has f.i.p. 
Converse part is left as an easy exercise.  ∎ 



Result 1: Continuous image of a compact space is  compact. 
Result 2: Closed subspace of a compact space is compact. 
Result 3: Compact subspace of a Hausdorff space is closed 
subspace. 
 

Proof: (Outlines only) 
(1): Let 𝑓: 𝑋 → 𝑌 be cont. onto map and 𝑋 be compact. Let 𝒜 be 
an open cover of 𝑌. Then clearly, 𝒜 = 𝑓−1 𝐴   𝐴 ∈ 𝒜+ is an 
open cover of 𝑋. So, there are finitely many 𝐴1, … , 𝐴𝑘 ∈ 𝒜 such 
that 𝑋 = 𝑓−1(𝐴1)∪⋯∪ 𝑓−1 𝐴𝑘 . But then 𝑌 = 𝑓 𝑋 = 
𝑓 𝑓−1(𝐴1)) ∪⋯∪ 𝑓(𝑓−1 𝐴𝑘 = 𝐴1 ∪ …∪ 𝐴𝑘. Hence, 𝑌 is compact. 
 
(2): Let 𝑌 be a closed subspace of a compact space 𝑋. Let 
𝒜 = 𝑉𝑖 𝑖∈𝐼 be an open cover of 𝑌. Then for each 𝑖 ∈ 𝐼, there are 
open subsets 𝐺𝑖 of 𝑋 such that 𝑉𝑖 = 𝐺𝑖 ∩ 𝑌. Since, 𝑌 is closed in 
𝑋, so, 𝐺𝑖 𝑖 ∈ 𝐼+ ∪ (𝑋 − 𝑌) forms an open cover of 𝑋. So, there 
are finitely many 𝑖1, … , 𝑖𝑘 ∈ 𝐼 such that 𝑋 = 𝐺𝑖1 ∪⋯∪ 𝐺𝑖𝑘 ∪ (𝑋 −
𝑌). But then, 𝑌 ⊆ 𝐺𝑖1 ∪⋯∪ 𝐺𝑖𝑘  and consequently, 𝑌 = 𝑉𝑖1 ∪⋯∪
𝑉𝑖𝑘. Thus, 𝑌 is compact. 
 
(3): (Left as an exercise). 
  

 

 

 



Lemma: If 𝐴 is a compact subset of a space 𝑋 and 𝑦 be a 
pint of a space 𝑌, then for each open set 𝑊  in 𝑋 × 𝑌 
containing 𝐴 × *𝑦+ there are open sets 𝑈 in 𝑋 and 𝑉 in 𝑌 
such that 𝐴 × *𝑦+ ⊆ 𝑈 × 𝑉 ⊆ 𝑊. 
 

Theorem 2: If space 𝑋 is compact, then the projection 
 𝑝𝑌: 𝑋 × 𝑌 → 𝑌 is closed for every topological space 𝑌.  
 

Proof: (Outlines only) 

Let 𝑋 be compact and 𝑌 be an arbitrary space and 𝐹 be 
closed in 𝑋 × 𝑌. Suppose 𝑦 ∉ 𝑝(𝐹), then as 𝑋 × 𝑦 ⊆ 𝑋 ×
𝑌 − 𝐹, it follows from the above lemma that there is some 
open set 𝑉 of 𝑌 such that 𝑋 × 𝑉 ∩ 𝐹 = ∅.  So, 𝑝(𝐹) ∩ 𝑉 = ∅. 
Hence, 𝑦 cannot be a limit point of 𝑝(𝐹). Thus, 𝑝(𝐹) is 
closed in 𝑌. 
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